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For k sufficiently large, the value xik and ail subséquent values 
with even labels will differ from unity by as small a number 
as we please, while the next value x*k+l and ail subséquent 
values of x with odd labels will differ from zéro by as small 
a number as we please. Consequently, the variable x does not 
approach a limit.

In the définition of a limit it is stated that if the variable 
approaches the limit a, then a is a constant. But the word “appro-
aches” is used also to describe another type of variation of a 
variable, as will be seen from the following définition.

Définition 2 . A variable x approaches infinity if for every 
preassigned positive number M it is possible to indicate a value 
of x such that, beginning with this value, ail subséquent values 
of the variable satisfy the inequality |x | >  M.

If the variable x approaches infinity, it is called an infinitely 
large variable and we write x —*-<».

Example 3. The variable x takes on the values

*i =  — I, x2 =  2, x3 =  — 3, . . . .  *„ =  (—1 )"», . . .

This is an infinitely large variable quantity, since for an arbitrary Ai > 0 ail 
values of the variable, beginning with a certain one, are greater than M in 
absolute value.

The variable x “approaches plus infinity”, x —*--foo, if for an 
arbitrary M >  0 ail subséquent values of the variable, beginning 
with a certain one, satisfy the inequality M <  x.

An example of a variable quantity approaching plus infinity is 
the variable x that takes on the values x1 =  l, xs =  2 , . . . .  xn = 
=  n, . . .  .

A variable approaches minus infinity, x —► — oo, if for an arbi-
trary M >  0 ail subséquent values of the variable, beginning with 
a certain one, satisfy the inequality x < —M.

For example, a variable x that assumes the values x1= —1, 
x1 — —2 , . . . ,  xn = —n, . . . .  approaches minus infinity.

2.2 THE LIMIT OF A FUNCTION

In this section we shall consider certain cases of the variation 
of a function when the argument x approaches a certain limit a 
or infinity.

Définition 1. Let the function y = f(x) be defined in a certain 
neighbourhood of a point a or at certain points of this neigh- 
bourhood. The function y = f(x) approaches the limit b (y—>-b) as x 
approaches a (x—+a), if for every positive number e, no matter 
how small, it is possible to indicate a positive number 6 such
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32 Ch. 2. Limit. Continuity of a Function

that for ail xy different from a and satisfying the inequality*
| x —a | <  6

we hâve the inequality

1/  (*)— b \ <  e

If b is the limit of the function f (x) as x —► a, we vvrite
lim/(x) =  6

x -+ a

or f ( x )—>-b as x —
If f(x)->-b as x —-a, this is illustrated on the graph of the 

function y = f(x) as follows (Fig. 31). Since from the inequality
\ x—a | < 6  there follows the ine-
quality \ f (x)—b\ <  e, this means 
that for ail points x that are not 
more distant from the point a than 
6 , the points M of the graph of 
the function y — f(x) lie within a 
band of width 2e bounded by the 
Unes y = b—e and y — b +  z.

Note 1. We may also define the 
limit of the function f (x) as x —*a 
as follows.

Let a variable x assume values 
such (that is, ordered in such fashion) that if

|x*—a| >  |x**—a\

then x** is the subséquent value and x* is the preceding value; 
but if

|x*—a | =  | x**—a | and x* <  x**

then x** is the subséquent value and x* is the preceding value.
In other words, of two points on a number scale, the subséquent 

one is that which is doser to the point a; at equal distances, the 
subséquent one is that which is to the right of the point a.

Let a variable quantity x ordered in this fashion approach the 
limit a [x—>-a or limx =  a ] .

Let us further consider the variable y~ f ( x ) .  We shall here and 
henceforward consider that of the two values of a function, the

*Here we mean the values of x that satisfy the inequality | x —a|  < 6  
and belong to the domain of définition of the function. We will encounter 
similar circumstances in the future. For instance, when considering the beha- 
viour of a function as x —*-oo, it may happen that the function is defined 
only for positive intégral values of x. And so in this case x —*-» , assuming 
only positive intégral values. We shall not specify this when it cornes up
later on.
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2.2 The Limit of a Function 33

subséquent one is that which corresponds to the subséquent value 
of the argument.

If, as x —>-a, a variable y thus defiped approaches a certain 
limit b, we shall write

lim f ( x ) —b
x-+ a

and we shall say that the function y = f(x) approaches the limit 
b as x —*-a.

It is easy to prove that both définitions of the limit of a 
function are équivalent.

Note 2. If f(x) approaches the limit bx as x approaches a certain 
number a so that x takes on only values less than a we write 

lim f(x) = b1 and call bl the limit on
x -► a -  0
the left at the point a of the function.
If x takes on only values greater than 
a, we write lim f(x) — bt and call bt

x-+a + 0
the limit on the vight at the point a of 
the function (Fig. 32).

It can be proved that if the limit 
on the right and the limit on the left 
exist and are equal, that is, b1 = bt = b, 
then b will be the limit in the sense of 
the foregoing définition of a limit at the 
point a. And conversely, if there exists 
the point a, then there exist limits of the function at the point a 
both on the right and on the left and they are equal.

Example 1. Let us prove that lim ( 3 x + l)  =  7. Indeed, let an arbitrary
x 2

e > 0 be given; for the inequality | ( 3 x + l ) —7 | < e to be fulfilled it is neces- 
sary to hâve the following inequalities fulfilled:

13*—6 1 <  e, 1 x — 2 1 < - j , —y  < x —2 <  y

6
Thus, given any e, for ail values of x satisfying the inequality | * — 2 | <  y  =

=  6, the value of thè function 3* +  l will differ from 7 by less than e. And 
this means that 7 is the limit of the function as x —*- 2.

Note 3. For a function to hâve a limit as x —►a, it is not ne- 
cessary that the function be defined at the point x = a. When 
finding the limit we consider the values of the function in the 
neighbourhood of the point a that are different from a; this is 
clearly illustrated in the following case,

xt_4 jfi_4
Example 2. We shall prove that lim ------— =  4. Here, the function ------r-

X  —► 2 X  —  ^  X — ^

is not defined for x =  2.
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34 Ch. 2. Limit. Continua y of a Function

It is necessary to prove that for an arbitrary e there will be a ô such that 
the following inequality will be fulfilled:

je2—4 
j c — 2

4 < e (1)

if ] j c — 2  | <  ô. But when j c  ^  2 inequality (1) is équivalent to the inequality

1 =  | ( x + 2 ) - 4 1 <  e

or
| x— 2 1 <  e (2 )

Thus, for an arbitrary e, inequality (1) will be fulfilled if inequality (2 ) 
is fulfilled (here, ô =  e), which means that the given function has the number 4 
as its limit as j c — >-2 .

Let us now consider certain cases of variation of a function 
as x —► o o .

Définition 2. The function f(x) approaches the limit b as x—»oo 
if for each arbitrarily small positive number e it is possible to 
indicate a positive number Af such that for ail values of x that 
satisfy the inequality | x | >  the inequality | f (x)—b | < e  will 
be fulfilled.

Example 3. We will prove that

or

lim
X  -*  CD

=  1

It is necessary to prove that, for an arbitrary e, the following inequality is 
fulfilled

< e (3)

provided | j c | > N, where N is determined by the choice of e. Inequality (3)

<  e, which will be fulfilled ifis équivalent to the following inequajity: j-i-

which means that lim (  1 + — ") =  lim ^ Ü = l  (Fig. 33).
J C - * .Q O \ X J X  -*■ CD X

If we know the meanings of the symbols x — >- +  oo and x —►—o o , 
the meanings of the following expressions are obvious:
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2.3 A Function That Approaches Infinity 35

“/(ai) approaches b as x —*--)-oo” and
“/( x) approaches b as x —»■—oo” or, in symbols,

lim f(x) = b,
X  -+ +  00

lim / (ai) =  b
X-* - «

2.3. A FUNCTION THAT APPROACHES INFINITY.
BOUNDED FUNCTIONS

We hâve considered cases when a function f(x) approaches a 
certain limit b as x —*-a or as a i—►oo.

Let us now take the case where the function y = f(x) approaches 
infinity when the argument varies in some way.

Définition 1. The function f(x) approaches infinity as a i—*-a,
i.e., it is an in/initely large quantity as a i—*a if for each 
positive number M, no matter how large, it is possible to find 
n 6 >  0  such that for ail values of x different from a and satisfying 
the condition |jc—a |< ô ,  we hâve the inequality \ f ( x ) \ > M.

If /(ai) approaches infinity as ai—*a, we Write

lim /  (ai) =  oo
x -*■ a

or f (x )  -*■ oo as ai—*a.
If / ( ai) approaches infinity as a i—►a and, in the process, assumes 

only positive or only négative values, the appropriate notation is 
lim / (ai) =  +  oo or lim / (ai) =  — oo.

x ■* a x ~+ a

Example 1. We shall prove that lim 7 7 — -^  =  + oo. Indeed, for any M >  0
x  -► 1 U  — x r

1 > M

wc hâve
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