Lecture 7

VELOCITY OF MOTION

Let us consider the rectilinear motion of some solid, say a stone,
thrown vertically upwards, or the motion of a piston in the cylin-
der of an engine, etc. Idealizing the situation and disregarding
dimensions and shapes, we shall always represent such a body in
the form of a moving point M. The distance s of
the moving point reckoned from some initial position
M, will depend on the time ¢; in other words, s will
be a function of time ¢:

s=Ff() (1)

At some instant of time®* ¢, let the moving point 5
M be at a distance s from the initial position M,,
and at some later instant ¢+ A¢ let the point be at
M,, a distance s+ As from the initial position (Fig.57).
Thus, during the interval of time A¢ the distance s Fig- 57
changed by the quantity As. In such cases, one says
that during the time Af the quantity s received an increment As.

Let us consider the ratio = it gives us the average velocity

4s

et i
£~
—
c

At
of motion of the point during the time At:
A
vav=7j% (2

The average velocity cannot in all cases give an exact picture
of the rate of translation of the point M at time ¢. If, for example,
the body moved very fast at the beginning of the interval A¢ and
very slow at the end, the average velocity obviously cannot reflect
these peculiarities in the motion of the point and give us a correct
idea of the true velocity of motion at time ¢. In order to express
more precisely this true velocity in terms of the average velocity,
one has to take a smaller interval of time A¢f. The most complete
description of the rate of motion of the point at time ¢ is given

* Here and henceforward we shall denote the specific value of a variable
and the variable itself by the same letter.
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by the limit which the average velocity approaches as Af —0.
This limit is called the rate of motion at a given instant:

. As
v= lim — 3
At -0 At ( )
Thus, the rate (velocity) of motion at a given instant is the
limit of the ratio of increment in path As to increment in time
At, as the time increment approaches zero.
Let us write equation (3) in full. Since

As=f(t4 At)—[(¢),
it follows that

At -0 At

This is the velocity of nonuniform motion. It is thus obvious
that the notion of velocity of nonuniform motion is intimately
related to the concept of a limit. It is only with the aid of the
limit concept that we can determine the velocity of nonuniform
motion.

From formula (3') it follows that v is independent of the incre-
ment in time Af, but depends on the value of ¢ and the type of
function f (¢).

Example. Find the velocity of uniformly accelerated motion at an arbitrary

time ¢ and at ¢=2 sec if the relation of the path traversed to the time is
expressed by the formula

s=%gt’

Solution. At time ¢ we have s=%gt2; at time ¢4 At we get

s+As=%g(t +At)3=-é—g(t2+2t At + At?)
We find As:
As=%g(t“+2t At+At2)—%gt2=gt At +%gAt’

. As
We form the ratio ok

1 3
As gt At+?g At 1
M A etged

By definition we have

As 1
= lim —-—= lim ( {4 — At): t
v At >0 AL A0 g+2g g

Thus, the velocity at an arbitrary time ¢ is v=gt.
At ¢t =2 we have (U)f=a=g-2=9.8.2=19.6 m/sec.
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3.2 THE DEFINITION OF A DERIVATIVE

Let there be a function

y="F(x) (1)

defined in a certain interval. The function y=f(x) has a definite
value for each value of the argument x in this interval.

Let the argument x receive a certain increment Ax (it is imma-
terial whether it is positive or negative). Then the function y will
receive a certain increment Ay. Thus, for the value of the argu-
ment x we will have y=f(x), for the value of the argument
x+ Ax we will have y+ Ay=f(x+ Ax).

Let us find the increment of the function Ay:

Ay=Ff(x+Ax)—f(x) (2)

Forming the ratio of the increment of the function to the incre-
ment of the argument, we get

Ay f(x4Ax)—f (x)
Ax Ax (3)

We then find the limit of this ratio as Ax—0. If this limit
exists, it is called the derivative of the given function f(x) and is
denoted f’(x). Thus, by definition,

, T Ay
o0,
or
,cl (X) =AlxlT° f(x+AA-:Z—‘f(x) (4)

Consequently, the derivative of a given function y=f(x) with
respect to the argument x is the limit of the ratio of the incre-
ment in the function Ay to the increment in the argument Ax,
when the latter approaches zero in arbitrary fashion.

It will be noted that in the general case, the derivative f’ (x)
has a definite value for each value of x, which means that the
derivative is also a function of x.

The designation f’ (x) is not the only one used for a derivative.
Alternative symbols are

., d
Y Yo g

The specific value of the derivative for x=a is denoted f’ (a) or

y’ lx:a' ’
The operation of finding the derivative of a function f(x) i

called differentiation of the function.
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Example 1. Given the function y=x2, find its derivative y’:

(1) at an arbitrary point x,

(2) at x=3.

Solution. (1) For the value of the argument x, we have y=ux% When the
value of the argument is x4+ Ax, we have y+4 Ay=(x-+ Ax)2.

Find the increment of the function:

Ay=(x+ Ax)2—x2=2xAx -+ (Ax)?
Ay

Forming the ratio e’ we have
Ay  2xAx+(Ax)®
= Ar = 2x+ Ax

Passing to the limit, we get the derivative of the given function:
y' = lim _A_y_= lim (2x4+Ax)=2x
Ax>0AX  Axs0

Hence, the derivative of the function y=x? at an arbitrary point is y'==2x..
(2) When x=3 we have

Y lx=3=2-3=6

Example 2. y=-:i—; find y'.
Solution. Reasoning as before, we get

1 1
y= y+Ay=x—+A-;'

Ay— | __I__x—x—Ax___ Ax
y_x+Ax x  x(x+Ax) x(x+Ax)’
Ay 1
Ax~  x(x+Ax)’

, . Ay . [ 1 ] |
= lim == lm [|————|=——
Y = ars0Bx aroo | ¥ FAW) P

Note. In the preceding section it was established that if the
dependence upon time ¢ of the distance s of a moving point is
expressed by the formula

s=[(?)

the velocity v at time ¢ is expressed by the formula

v= lim &5 = |im [¢E80—1(D)
At>0 8L Ao At

Hence
v=s;=F (t)

or, the velocity is equal to the derivative ¥ of the distance with
respect to the time.

* When we say “the derivative with respect to x” or “the derivative with
respect to ¢” we mean that in computing the derivative we consider the va-
riable x (or the time ¢, etc.) the argument (independent variable).
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3.3 GEOMETRIC MEANING OF THE DERIVATIVE

We approached the notion of a derivative by regarding the
velocity of a moving body (point), that’is to say, by proceeding
from mechanical concepts. We shall now give a no less important
geometric interpretation of the derivative. To do this we must
first define a tangent line to a curve at a given point.

We take a curve with a fixed point M, on it. Taking a point
M, on the curve we draw the secant M M, (Fig. 58). If the point
M, approaches the point M, without limit, the secant MM, will
occupy various positions M M;, M M}, and so on.

Fig. 58 Fig. 59

If, in the unbounded approach of the point M, (along the curve)
to the point M, from either side, the secant tends to occupy the
position of a definite straight line M,T, this line is called the
tangent to the curve at the point M, (the concept “tends to
occupy” will be explained later on).

Let us consider the function f(x) and the corresponding curve

y=f(x)

in a rectangular coordinate system (Fig. 59). At a certain value
of x the function has the value y = f (x). Corresponding to these values
of x and y on the curve we have the point M, (x, ). Let us increase
the argument x by Ax. Corresponding to the new value of the
argument, x+ Ax, we have an increased value of the function,
y+ Ay={f(x+ Ax). The corresponding point on the curve will be
M, (x+ Ax, y+ Ay). Draw the secant M M, and denote by ¢ the
angle formed by the secant and the positive x-axis. Form the

ratio %z-. From Fig. 59 it follows immediately that

A
A—i=tanq> (1)
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Now if Ax approaches zero, the point M, will move along the
curve always approaching M,. The secant MM, will turn about
M, and the angle @ will change with Ax. If as Ax— 0 the angle ¢
approaches a certain limit o, the straight
line passing through M, and forming an
angle a with the positive x-axis will be
the sought-for tangent line. It is easy to
find its slope:

tana= lim tang= lim 2= (x)
Ax >0 Ax >0
Hence,
[’ (x)=tana (2)
Fig. 60 which means that the value of the deri-

vative' f' (x), for a given wvalue of the ar-
gument x, is equal to the tangent of the angle formed with the
positive x-axis by the line tangent to the graph of the function
f (x) at the corresponding point M, (x, y).
Example. Find the tangents of the angles of inclination of the tangent line
%, % , Mg (—1, 1) (Fig. 60).
Solution. On the basis of Example 1, Sec. 3.2, we have y’'=2x; hence,

to the curve y=x2 at the points M,

=2

x=-1

tan a; =y’ =1, tana, =y’

x=7

DIFFERENTIABILITY OF FUNCTIONS
Definition. If the function

y=1(x (1)
has a derivative at the point x=x,, that is, if there exists

(X0 Ax)—f (xq
fx+[;cx f (x4) 2)

we say that for the given value x = x, the function is differentiable
or (which is the same thing) has a derivative.

If a function is differentiable at every point of some interval
[a, b] or (a,b), we say that it is differentiable over the interval.

Theorem. If a function y=f(x) is differentiable at some point
X=X, it is continuous at that point.

Indeed, if

lim Ay _ lim
A»»OAx Ax—>0

. Ay
lim ==/ (x
Ax-0 Ax f ( 0)
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then
Ay
Z=f(x)+7v .

where y is a quantity that approaches zero as Ax —0. But then
Ay =" (x,) Ax+vAx

whence it follows that Ay-»0 as Ax — 0; and this means that
the function f(x) is continuous at the point x, (see Sec. 2.9).

In other words, a function cannot have a derivative at points
of discontinuity. The converse is not true; from the fact that at
some point x=x, the function y=f(x) is continuous, it does not
yet follow that it is differentiable at that point: the function
[ (x) may not have a derivative at the point x,. To convince our-
selves of this, let us examine several cases.

Example 1. A function f(x) is defined on an interval [0, 2] as follows (see
Fig. 61):
[(x)=x when 0<<x<1,
f(x)=2x—1 when | < x<?2

At x=1 the function has no derivative, although it is continuous at this point.
Indeed, when Ax > 0 we have
fA+Ax)—F ) lim RO+Ag—1]—[2-1—-1] lim 2Ax

lim 22 9
Ax-0 Ax Ax-0 Ax Ax-0 Ax

when Ax < 0 we get

Ax-0 Ax Ax-+0 Ax Ax -0 Ax

Thus, this limit depends on the sign of Ax, and this means that the function
has no derivative* at the point x=1. Geometrically, this is in accord with
the fact that at the point x=1 the given “curve” does not have a definite tan-

went line.
Now the continuity of the function at the point x=1 follows from the fact

that

Ay=Ax when Ax <0,
Ay =2Ax when Ax > 0

and, therefore, in both cases Ay = 0 as Ax — 0.

Ay
A should (as Ax—0)

approach one and the same limit regardless of the way in which Ax approaches
zcero.

* The definition of a derivative requires that the ratio
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Example 2. A function yzf/x. the graph of which is shown in Fig. 62,
is defined and continuous for all values of the independent variable.

Let us try to find out whether this function has a derivative at x=0; to
do this, we find the values of the function at x=0 and at x=0-+4Ax: atx=0

we have y=0. at x=0-}- Ax we have y-}—Ay:J/A_x.

\y {
»
;6" y
) y=Vz
i T
//4, Ar
0 7 7 =
Fig. 61 Fig. 62

Therefore,

Ay=3 Ax

Find the limit of the ratio of the increment of the function to the incre-
Ay

ment of the argument:
3 ,—
lim —=<= lim -sz lim = 4 oo

Ax-0 BX axo0 AX Axo 0]/ Ay

Thus, the ratio of the increment of the function to the increment of the argu-
ment at the point x=0 approaches infinity as Ax — 0 (hence there is no limit).
Consequently, this function is not difierentiable at the point x=0. The tangent

to  the curve at this point forms, with the x-axis, an angle g , which means
that it coincides with the y-axis.

THE DERIVATIVE OF THE FUNCTION y=x", n A POSITIVE INTEGER

To find the derivative of a given function y=f(x), it is neces-
sary to carry out the following operations (on the basis of the
general definition of a derivative): _

(1) increase the argument x by Ax, calculate the increased
value of the function:

Y+ Ay =[f(x+ Ax)

(2) find the corresponding increment in the function:
Ay=f(x+ Ax)—f(x)
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(3) form the ratio of the increment in the function to the in-
crement in the argument:

Ay _f(x+An—f(®)
Ax Ax

(4) find the limit of this ratio as Ax-»0:

Ay f(x+Ax)—f(x)
= li = lim
y Ax-l:% Ax Ax=0 Ax

Here and in the following sections, we shall apply this general
method for evaluating the derivatives of certain elementary func-
tions.

Theorem. The derivative of the function y=x", where n is a
positive integer, is equal to nx"~1; that is,

if y=x", then y =nx""1 (I)
Proof. We have the function
y=x"
(1) If x receives an increment Ax, then
y+Ay=(x+Ax)"
(2) Applying Newton’s binomial theorem, we get
—(x+Ax)"—x"
-—x"+ 7 xn= lA.ﬂnc-i-"('z l)x" “2(Ax)2+ ... +(Ax)"—x"

or
Ay =nxn=t Ax- LED ynmz Ay 4L+ (A"
(3) We find the ratio
ﬁz—nx" 1+n(n )x"‘2Ax—l- oo+ (Ax)n1
. (4) Then we find the limit of this ratio:
Ay
v - lim %

21)xn 2Ax+ _l__(Ax)n 1]_nxﬂ 1

= lim [nx" 142

Ax-»0
consequently, y’ =nx"-1, and the theorem is proved.
Example 1. y=x5, y’' =5x5-1=>5x4.

Example 2. y=x, y' =Ix1-1, y'=1. The latter result has a simple geo-
metric interpretation: the tangent to the straight line y=x for any value of
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x coincides with this line and, consequently, forms with the positive x-axis an
angle, whose tangent is 1.

Note that formula (I) also holds true when n is fractional or
negative. (This will be proved in Sec. 3.12).
Example 3. y=V x.
Let us represent the function in the form of a power:
1
y=1x?
Then by formula (I), taking into consideration what we have just said, we get

| -1

y' = 7 2
or
—
2Vx
1
Example 4, Y= ——.
TV
Represent y in the form of a power function:
-3
y=x *
Then
3 5
y':——3—x_—§_-l=—-§-x.-?=— 3
p2 2 222 Vx

DERIVATIVES OF THE FUNCTIONS
y=sinx, y=cosx

Theorem 1. The derivative of sinx is cosx, or
if y=sinx, then y =cosx. (IT)
Proof. Increase the argument x by Ax; then

(1) y+ Ay =sin(x+ Ax);
x+Ax—x x+Ax+x

(2) Ay=sin (x4 Ax)—sin x=2sin 5 cos 3
. Ax Ax
=251n7-cos(x+?),
. Ax Ax . Ax
Ay 251n-2—cos<x+7) sin —- p Ax\
) 7= Ax = TAx Coskx'*'?)'
2

sin —

VR lim cos(x—}—é?i).

_x Ax—>0
2

’ . Ay .
4 = lim == lim
( ) y Ax—>0 Ax Ax—0
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But since

sin éf
. 2
lim =1"°
Ax—>0 éf_
2

we get

y' = lim cos(x—}-A—?x-) =COSX

Ax—>0

This latter equation is obtained on the grounds that cosx is a
continuous function.
Theorem 2. The derivative of cosx is —sinx, or

if y=cosx, theny =—sinx. (IT1)

Proof. Increase the argument x by Ax, then

Y+ Ay = cos (x + Ax)

Ay = cos (x + Ax) —cos x = —2sin Xt Ax—x o Xxt+Axtx

2 2
. Ax . Ax
-——QSII’IT sin (x-{—T)
sin-A—x
Ay = Ax
A = ¥; sin (x-l— 3 )
2
sinAx
, . Ay . 2 Ax > . Ax
= lim == lim — sin (x+—)-—_—11m sm(x—{—‘—)
y Ax—>0 Ax Ax—>0 H 2 Ax—0 2

2

Taking into account the fact that sinx is a continuous function,
we finally get

’

Yy =—sinx

DERIVATIVES OF:
A CONSTANT, THE PRODUCT OF A CONSTANT BY A FUNCTION,
A SUM, A PRODUCT, AND A QUOTIENT

Theorem 1. The derivative of a constant is equal to zero; that is,
if y=C, where C =const, then y' =0. (IV)

Proof. y=C is a function of x such that the values of it are
equal to C for all x.
Hence, for any value of x,

y=Ff(x)=C
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We increase the argument x by Ax (Ax=%40). Since the function y
retains the value C for all values of the argument, we have

y+Ay=fx+Ax)=C
Therefore, the increment of the function is
Ay=[f(x+Ax)—f(x)=0

the ratio of the increment of the function to the increment of the
argument

A
=0
and, consequently,
y' = lim Ay _
Ax—> 0 Ax
that is,
y =0

The latter result has a simple geometric interpretation. The
graph of the function y =C is a straight line parallel to the x-axis.
Obviously, the tangent to the graph at any one of its points
coincides with this straight line and, therefore, forms with the

x-axis an angle whose tangent y' is zero.
Theorem 2. A constant factor may be taken outside the deriva-

tive sign, i.e.,
if y=Cu(x) (C=const), then y =Cu’ (x). V)

Proof. Reasoning as in the proof of the preceding theorem, we
have
y=Cu (x)
Y+ Ay =Cu (x+ Ax)
Ay=Cu (x-+Ax)—Cu (x)=C [u (x4 Ax) —u (x)]
ﬂ _ Cu (x+Av)—u (x)

Ax Ax
, . Ay . u(x+Ax)—u(x) . ’ '
= lim ==C lim , i.e., ¥y =Cu’ (x
y Ax—»OAx Ax—>0 Ax 4 ( )
1
Example 1. y=3 ——.
P y Vx
VERVIN s SRS
y—3(ﬁ> =3\x ,—3(—5).\: =—g«x
or
3

y'=—
2xVx
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Theorem 3. The derivative of the sum of a finite number of diffe-
rentiable functions is equal to the corresponding sum of the deriva-
tives of these functions.*

For the case of three terms, for example we have

y=u@@)+ov(x)+w(x), y=u@)+vx+w (x) (V)

Proof. For the values of the argument x
Yy=u+v+w

(for the sake of brevity we drop the argument x in denoting the

function).
For the value of the argument x4 Ax we have

y+ Ay = (u+ Au) + (v + Av) + (w 4 Aw)

where Ay, Au, Avy and Aw are increments of the functions y, u
v and w, which ceerespond to the increment Ax in the argument

x. Hence,
Ay = Au+Av+Aw, H Ax+Ax+ Ax

. Ay
‘"= lim 2= lim ——+ lim —+ lin —
y Ax—»OA Ax—»Ol\ Ax-»OA AxLOAx

or

y=u (x)+v (x)+w ()

1
Vi

y' =3 (x4)'—(x":17>' =3-4x3—( —-%) P

Example 2. y=3x*—

and so
1

xV7

Theorem 4. The derivative of a product of two differentiable
functions is equal to the product of the derivative of the first fun-
ction by the second function plus the product of the first function
by the derivative of the second function; that is,

if y=uv, then y =u'v+uv'. (VII)

y'=12x3—|—%

* The expression y=u (x)—v(x) is equnvalent to y=u(x)4(—1)v(x) and

vV=k@+=hHo@l=u @®)+[—ovx)] =u (x)—0v'(x).
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Proof. Reasoning as in the proof of the preceding theorem, we
get
y=uv
y+Ay=(u+ Au) (v+ Av)
Ay = (u+ Au) (v+ Av) —uv = Auv+ ulAv + Au Av

Ay  Au Av Av
Ax AU Tug AUy
. Ay . An . Av . Av
‘"= lim 2= lim —v+4 lim « =4 lim Au—
y Ax—03% Ay 0Alx +Ax—->0 Ax " axo  Ox
. Au . Av . . Av
=( lim —->v u lim — lim Au lim —
(Ax—»OAx + Ax»OAx+Ax‘»0 Ax—»OAx

(since u and v are independent of Ax).
Let us consider the last term on the right-hand side:
lim Au lim %
Ax—>0  Ax—00%
Since u(x) is a differentiable function, it is continuous. Conse-
quently, lim Au=0. Also,

Ax—0 A
lim l=v' == 00
Ax—»OAx
Thus, the term under consideration is zero and we finally get
y =u'v+4uv

The theorem just proved readily gives us the rule for differentiating
the product of any number of functions.
Thus, if we have a product of three functions

Y = uvw
then, by representing the right-hand side as the product of « and
(vw), we get y' =u' (ww)+u(ww) =u'vw+tu@Vw-+uw)=uvw-+
+ uv'w+ uvw'’.

In this way we can obtain a similar formula for the derivative
of the product of any (finite) number of functions. Namely, if
y=uu, ... u, then

Y =Ully .. Uy Uyt Uy oo Uy U Uy . W, Uy,

Example 3. If y=x2sin x, then

y'= (x2)’ sin x4 x2 (sin x)’ = 2x sin x4 x2 cos x

Example 4. If y= )/ x sin xcos x, then

y'=(Vx) sin xcos x4+ V'x (sin x)’ cos x+ ¥V x sin x (cos x)’

= ] sin x cos x + Wcosxcosx—{— V?sinx(—sinx)
2Vx

N sin x cos x + ¥V x (cos? x—sin? x)= sin 2x+ ¥V x cos 2x
2Vx 4Vx
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Theorem 5. The derivative of a fraction (that is, the gquotient
obtained by the division of two functions) is equal to a fraction
whose denominator is the square of tha denominator of the given
fraction, and the numerator is the difference between the product of
the denominator by the derivative of the numerator, and the pro-
duct of the numerator by the derivative of the denominator; i.e.,

(VIII)

u'v—uv’
02

if y=%, then y' =

Proof. If Ay, Au, and Av are increments of the functions y, u,
and v, corresponding to the increment Ax of the argument x, then

u-+tAu
y+Ay=v—|—Av
u+Au u vAu—ulv
AY =T A v = v T A
vAu—ulAv Au Av
Ay Ax AU UEx
Ax~ v(@U+Av)  v(v+Av)
Au _uA_v v lim A_u__u lim Av
y' = lim AY _ im 2% Ax__ _8x->08x Ar-0Ax
Ax—» 00X Ay o V(tAv) OAEIEO(U-'-AU)

Whence, noting that Av—0 as Ax—0, * we get

, uv—ut

y = 2
x3
Example 5. If y= o5 3’ then
, (%% cos x—x3(cos x)' _ 3x® cos x4 x® sin x
y= cos2 x - cos? x

Note. If we have a function of the form

y=-2

where the denominator C is a constant, then in differentiating
this function we do not need to use formula (VIII); it is better
to make use of formula (V):

, ] ! | Y

Of course, the same result is obtained if formula (VIII) is applied.

*lim AJJ=0 since v(x) is a differentiable and, consequently, continuous
Ax >
function.
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Example 6. If y=co;x , then

,_(cosx)’  sinx
-7 7

. THE DERIVATIVE OF A LOGARITHMIC FUNCTION

Theorem. The derivative of the function log, x is — logae that is,
if y=1log,x, then y’=;logae (IX)

Proof. If Ay is an increment in the function y=log,x that
corresponds to the increment Ax in the argument x, then
y+Ay=loga<x+Ax>
:log (x+ Ax) —log, x = ]ogax+ Ax

2!; Ax Ax 198a ( +%£>

Multiply and divide by x the expression on the right-hand side of
the latter equation:

~log, (1+5)

A—=%Ai10ga <1+ )=%loga (l+il>3%

We denote the quantity »x—x by a. Obviously, a—0 for the
given x, and as Ax—0. Consequently,

Ay 3
A= loga(l +a)

But, as we know from Sec. 2.7,

1
lim (14a)® =e¢
o — ®

But if the expression under the sign of the logarithm approaches
the number e, then the logarithm of this expression approaches
log,e (in virtue of the continuity of the logarithmic function).
We therefore finally get

y = lim 24— lim log, (14 a)

Ax—»OA a—>0

=1
* =—log,e

Noting that logae=l_—nla-, we can rewrite the formula as follows:
' 11

Y =%na
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The following is an important particular case of this formula:
if a=e, then Ina=Ine=1; that is,

if y=Inx, then y'=";. (X)

THE DERIVATIVE OF A COMPOSITE FUNCTION

Given a composite function y=f(x), that is, such that it may
be represented in the following form:

y=F@), u=9¢(x)

or y=F[p(x)] (see Sec. 1.8). In the expression y=F (1), u is
called the intermediate argument.

Let us establish a rule for differentiating composite functions.

Theorem. /f a function u=@ (x) has, at some point x, a deriva-
tive u,=@’' (x), and the function y=F (u) has, at the corresponding
value of u, the derivative y,=F'(u), then the composite function
y=F [p(x)] at the given point x also has a derivative, which is
equal to

Yp="Fi(u) ¢’ (x)
where for u we must substitute the expression u=(x). Briefly,
Y= Yulks

In other words, the derivative of a composite function is equal to
the product of the derivative of the given function with respect to
the intermediate argument u by the derivative of the intermediate
argument with respect to x.

Proof. For a definite value of x we will have

u=e@(x), y==F(u
For the increased value of the argument x4 Ax,
ut+Au=¢(x+Ax), y+Ay=F (u+Auw)

Thus, to the increment Ax there corresponds an increment Au,
to which corresponds an increment Ay, whereby Au—0 and
Ay—0 as Ax— 0. It is given that

Ay

lim 2=y,
Au-tOAu yu

From this relation (taking advantage of the definition of a limit)
we get (for Au==0)

H—_—'yu"'a (1
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where @ —0 as Au—0. We rewrite (1) as
Ay=y,Au+a Au

(2)

Equation (2) also holds true when Au=0 for an arbitrary e,
since it turns into an identity, 0 =0. For Au=0 we shall assume

a=0. Divide all terms of (2) by Ax:

Ay . Au Au
Ax = Yups T25

It is given that

. Au ’ .
AE:ITOE:ux' AlxlToa:O
Passing to the limit as Ax—0 in (3), we get

Y=Y, Uy

3)

(4)

Example 1. Given a function y=sin (x?). Find yy. Represent the given

function as a function of a function as follows:
y=sinu, u=x?
We find
y;=cosu, u;=2x
Hence, by formula (4),
Y= Yull x = COS 2%
Replacing u by its expression, we finally get
y;=2xcos (x2)

Example 2. Given the function y=(Inx)®. Find yx.
Represent this tunction as follows:

y=u’, u=Inx
We find

Hence,

If a function y=f(x) is such that it may be represented in the

form

y=Fu), u=9(), v=9(x)

the derivative y,, is found by a successive application of the fore-

going theorem.
Applying the proved rule, we have

Ye=Yuls
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Applying the same theorem to find u,, we have

Uy = Ugly
Substituting the expression of u; into the preceding equation,
we get

Y = YulhoUy ()
or

Y= F, (u) @y (v) ¥ (%)

Example 3. Given the function y=sin [(In x)3]. Find y;. Represent the func-
tion as follows:

y=sinu, u=0¢’, v=Inx
We then find
gu=cosu, uy=3v% u;=i_
In this way, by formula (5), we get
Yx=Yuluyvxr=3 (cos u) v? %
or, finally,

yr=cos [(In x)3]-3 (In x)? %

It is to be noted that the function considered is defined only for x > O.

DERIVATIVES OF THE FUNCTIONS y:=tanx,
y=cotx, y=In|x|

Theorem 1. The derivative of the function tanx iséo—slﬂ,—x, i.e.,

if y=tanx, then y' = (XT1)

cos?x ’
Proof. Since

sin x

cos X

by the rule for differentiating a fraction [see formula (VIII),
Sec. 3.7] we get

, __(sin x)' cos x—sin x (cos x)’ _ cos x cos x—sin x (— sin x)

cos? x cos? x
__cos?x4-sin?x 1 _
_ cos? x T coslx
Theorem 2. The derivative of the function cotx is _sinlzx’ i.e.,
. , 1
lf y=cotx, then Y =—m. (XII)
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Cos X

Proof. Since y=— , we have
sin x
., __(cos x)’ sin x—cos x (sin x)’ _ —sin xsin x—cos x cos x
- sin? x _ sin? x
sin? x -} cos2? x 1
— 7 sintx  sin’x

Example 1. If y=tan V x, then

1 1

N
cos2V x (Vx)'= 2V % cos?V x

Example 2. If y=Incot x, then

e oty (o N1 2
¥ = cotx ¥ =Cotx \  sinfx )  cosxsinx  sin2x

if y=In|x]|,
I (XIII)
then y'=?.

Fig. 63

Proof. (a) 1If x>0, then |x|=x, In|[x[=Inx, and therefore
’ 1
Yy =+
(b) Let x< 0. Then |x|=—x. But
In|x|=In(—x)

(It will be noted that if x <0, then —x > 0.) Let us represeni
the function y=In(— x) as a composite function by putting

y=Inu, u=—x
Then
’ A 1 1 1
yx_—_yuuxr‘T(_ l)=—(_ 1)=7

— X

And so for negative values of x we also have the equation

4 I
Y=—

X

Hence, formula (XI1I) has been proved for any value of x=£0.
(For x =0 the function In|x| is not defined.)
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